Physical quantities are assumed to take real values, which stems from the fact that an usual measuring instrument that measures a physical observable always yields a real number.
Introduction
We have learnt from experience that measured variables yield real values. Therefore physical quantities are assumed to take real values because a typical measuring apparatus that measures * 3090101669@zju.edu.cn † usashrawan@gmail.com ‡ wjd@zju.edu.cn § Correspongding author: mignon@kumoh.ac.kr a physical observable always yields a real number. In quantum theory, a physical observable is represented by a hermitian operator as it admits a spectral decomposition and has real eigenvalues. However, the real value of all physical quantities is an assumption only. Moreover, the real value of eigenvalues of some operator does not mean that it is necessarily hermitian. There are examples of non-hermitian operators which possess real eigenvalues under some symmetry conditions, namely the P T symmetry [1, 2, 3] . We ask the following question: Can the outcomes of a physical observable be complex? It may be the limitation of a measuring apparatus that it measures only real values, or we have not invented a way out to naturally measure complex values. In general, given a non-hermitian operator, its average value in a quantum state is a complex number. In quantum theory, the concept of weak measurement was introduced by Aharonov et al. [4, 5, 6 ] to study the properties of a quantum system in pre-and postselected ensembles.
In that formalism, the measurement of an observable yields a weak value of the observable with unusual properties. In general, the weak value is complex, and can take values outside the eigenspectrum of the observable. In recent years, weak values have found several applications [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . One can see [21] for a recent review on weak measurements.
However, as a mathematical structure, unlike the real field, the field of complex numbers does not admit an order relation. Therefore, it is more difficult to compare "observables" having complex numbers as eigenvalues. One might, however, argue that complex numbers can be represented as pairs of real numbers, and measure them separately. More generally, one can measure quantities which are expressible as an array of real numbers. This is alright in classical mechanics. However, one must remember, as already noted by Dirac [22] , that measuring an "observable" with complex eigenvalues by somehow measuring separately its real and pure imaginary parts could lead to problems in the quantum formalism, as two observations may "interfere" with one another.
In spite of having complex eigenvalues, non-hermitian operators have found several applications [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] in studying open quantum systems in nuclear physics [23] and quantum optics [24] , to name a few. Regardless of how a complex value could be measured or what would be its interpretation, here we consider the question of what would happen if physical observables are allowed to take complex values. Bender and Boettcher [1] showed that by allowing physical quantities to take complex values, classical particles can behave much like particles in quantum theory. In this paper, we show that by allowing observables in the Bell inequality to take complex values, a classical physical theory can actually get the same upper bound of the Bell expression, as in quantum theory. Moreover, using the local hidden variable model, and by extending the real field to the quaternionic field, we visit the GHZ paradox and
show that there exists a non-empty set of 9-tuples of quaternions which correspond to negative eigenvalue of the GHZ argument.
Bell inequality and the corresponding upper bound
In this section, we show that if the observables are allowed to take complex values, then the quantum upper bound on the Bell-Clauser-Horne-Shimony-Holt expression [34] can be obtained by using the traditional hidden variable method, too.
Bell inequality
Bell inequality is a mathematical inequality involving certain averages of correlations of measurements, derived using the assumptions of locality and realism. In classical physics, for a system, all observables should have exact values before measurements and different systems cannot affect each other instantly any more once they are separated. This is what locality and realism mean and the core belief of classical physics. Bell showed that quantum mechanics violates this inequality. That is, quantum mechanics cannot be both local and realistic. The setting is as follows. at Alice and Bob's laboratories is defined by
Here, A(a, λ) denotes the value of the observable A(a) corresponding to λ. Strictly, the hidden variable λ in A(a, λ) decides which value this quantity actually takes. The famous Bell inequality states that
This inequality is valid in any physical theory that is local and realistic, where the involved physical observables take values from {+1, −1}. We refer to the expression on the left-hand-side of (2.2) as the Bell expression. In any theory, if the Bell expression exceeds the value 2, then the theory cannot be both local and realistic. Quantum mechanics happens to be such a theory.
Real values to complex values
It follows from above that in a typical Bell experiment, classical physics permits us to get the maximum value 2, while quantum physics can make us have the maximal value 2 √ 2, which is known as Tsirelson's bound [35] . Now, we allow the observables to take complex values, that is, the observable A(a) take complex values and the hidden variable λ is employed as follows:
where
Following the original derivation of the Bell inequality, we have:
Hence,
It is amazing that the upper bound 2 √ 2 coincides with the upper bound of the Bell-CHSH inequality in quantum theory. Thus, by allowing observables in the Bell experiment scenario to take complex values, a classical physical theory can actually get the same upper bound of the Bell expression as in quantum theory, where by classical physical theory we mean a theory that is both local and realistic.
On the other hand, the upper bound is achievable classically, that is, we can find some appropriate observables and a probability distribution ρ(λ) of the hidden variable λ which makes the above inequality become an equality. If we choose θ 2 = 0,
and ρ(λ) is supported on those λ which satisfy f 2 = f 4 = 0 or f 2 = f 4 = 1, then the upper bound 2 √ 2 can actually be achieved.
Hidden-variable theory of a qubit
As we have seen in section 2, when we allow physical quantities to take complex values, classical physics can attain quantum physical limit. Furthermore, when this complex-valued classical physics (we call complex-valued classical physics "pseudo-classical" physics) gets the maximum in the Bell inequality, the observables involved can share the same relation with the quantum case (just what the above example says). In this regard, we ask is it possible to iterate the quantum theory in one-qubit case using this pseudo-classical approach? Below we propose a new type of hiddenvariable theory of a single qubit via complexification of physical quantities.
Observables
The critical question is how to convert the hermitian operators on the Hilbert space C 2 to functions of hidden variables. Because all hermitian operators can be expressed as a real linear combination of the identity operator and spin operators, so the most important nontrivial observables in the one-qubit case are spins. Following the above complexification of quantities in
Bell-CHSH expression, if the spins are in the x-y plane, we can make correspondence as follows:
where α is the angle of − → α with the x axis and the function g− → α (λ) takes value from {0, 1}.
The change of ±1 to antipodal points on the circle is natural, more or less. However, the difficulty arises, because spin-operators of the same plane have exhausted all antipodal points on the complex plane and yet all spin-operators of one qubit are apparently not on the same plane.
How can we define functions for spin-operators on the different planes? Meanwhile, the standard quantum theory tells us that Pauli spin-operators σ x , σ y , σ z have the same important place when we compare them with each other. So, this equivalence should also be embodied in the way we use functions to replace them. This forces us to adopt a further step in complexification. That is, we should introduce quaternions into the pseudo-classical physics:
where functions g x (λ), g y (λ) and g z (λ) take values from {0, 1}. Thereof, quaternions are numbers of the following form:
with a,b,c,d being real. And i, j, k are three different imaginary units, satisfying the following
Then for an arbitrary spin-operator σ−
, what we do is the following:
where g− → r (λ) takes value from {0, 1}.
Apparently, the identity operator appearing in the formal quantum theory should be replaced by the function f (λ) ≡ 1. Now for any hermitian operator on C 2 , we can use a quaternion-valued function to replace it using the aboved method.
Since physical quantity can take quaternions in this pseudo-classical model, then why do measurements yield only real values? Consider the measurement of spin in the x direction, for example. We can imagine the measurement's action as a fictitious rigid pole. Considering the sphere of unit ball in the i-j-k space, when we say that we are measuring the spin on the x direction, it means that the fictitious pole is along the x direction. Only when the fictitious pole is on the same direction as the spin is, it can make the value of the corresponding function real.
After all, it is an essential requirement in the standard quantum mechanics that the result of a measurement be real.
Once we accept this model, then things in quantum mechanics may be somewhat natural.
We all know that spins on different directions cannot be measured at the same time. Standard quantum mechanics tell us that it is because of the noncommutativity of those corresponding operators that we cannot measure them simultaneously. However, in our model, the explanation is quite apparent. It is that the fictitious rigid pole of the measurement apparatus cannot be placed in different angles at the same time.
States
When we talk about states in a hidden-variable theory, this means that we should give both the range of hidden variables and the probability distribution corresponding to each state in the standard theory.
That is exactly what we do next.
For a one-qubit state, in the standard theory, every quantum state can be expressed as
So if we know expectations of σ x , σ y and σ z , then we can reconstruct this state and predict the result about any other observable. So, considering the equal importance of these three spinoperators, the measurable set of hidden-variable λ should be devided into eight disjoint sets of the same measure, as shown in Table 1 . For example, set 1 consists of those λ, which satisfy
and set 8 is consisted of those λ, which satisfy
So, in our hidden variable model, we can assume that the range of λ is the set λ ∈ {1, 2, 3, 4, 5, 6, 7, 8}.
Once this is done, we can give the probability distribution of each state of a qubit. Firstly, consider some simple instances.
The reason we design this correspondence is that for spins on the x, y, z directions, if the state is an eigenvalue of one, then we could know nothing about the other two. Take the probability distribution P + x as an example. In the above, we use it to correspond to the quantum state |+ x , which is the eigenstate of σ x corresponding to the eigenvalue +1. For state |+ x , its probability distribution corresponding to observables σ y and σ z are all uniform distributions, meaning it can tell us nothing about σ y and σ z . On the other hand, the probability distribution P + x is supported on the subset {1, 2, 3, 4} of the hidden variables. In terms of Table 1 , hidden variables in this subset always make the function f x get the value i. And furthermore, taking the probability distribution P + x into consideration, its marginal distributions about functions f y and f z are uniform distributions as well. Based on these results, we make the above correspondence.
Then, for an arbitrary state, can we give its probability distribution? For a qubit, we know that an arbitrary state can be expressed as:
where − → r = (r x , r y , r z ) ∈ R 3 satisfies − → r ≤ 1.
At a first glance, it's natural to guess that the probability distribution of an arbitrary state ρ
But this is not normalised. The normalized probability distribution for arbitrary ρ is [38]:
With this probability distribution, using our method, it's quite easy to check that this kind of probability distribution allows us to get the same results about the three observables σ x , σ y and σ z as we get in the standard way. Since, for a qubit state, once we know its probability distributions about the three spins, then we can reconstruct the state, or in other words, we can predict its probability distribution about any observable. Hence, it's reasonable to expect that our probability distributions of hidden variables can make the same prediction as those made by the standard quantum theory, as these two different methods share a complete agreement on the three critical observables. Discussion about this will be put in section 5.
Until now, it seems that this method is quite good. But there is something unsatisfactory.
If − → r = (
) T , then the corresponding probability distribution is somewhat annoying.
Based on easy computation,
Can we find reasonable explanation for this negative probability? We interpret this negative item as the augmentation of its "retroaction". What does "retroaction" mean? From Table 1 , because set 8 corresponds to those λ, which satisfy Table 1 : Any observable A = aI + r x σ x + r y σ y + r z σ z , of a qubit is a hermitian operator where a ∈ R and (r x , r y , r z ) ∈ R 3 . In the view of hidden-variable theory, it seems that once the hidden variable λ has determined the values of σ x , σ y and σ z , the value of any other observable is determined. This inspires us to divide the range of λ into eight disjoint sets, depending on the
Of course, these eight sets should have the same "area". This is why we can assume that the hidden variable λ is chosen in the set {1, 2, 3, 4, 5, 6, 7, 8}.
So set 8's "retroaction" is set 1.
In concrete terms, for an arbitrary quantum state ρ, its probability distribution must observe the following constraints:
Following these constraints, the word "retroaction" may be appropriate. In this way, the negative probability causes no trouble.
The GHZ argument
In this section, by using our hidden variable model, we attempt to view the GHZ problem in another new way.
Original GHZ argument
The GHZ argument [36] states that the quantum state, |Ψ =
where i ∈ {1, 2, 3}, {σ x , σ y , σ z } are the Pauli operators, {σ i x , σ i y , σ i z } are the Pauli operators {σ x , σ y , σ z } on the i-th subsystem,
In the traditional LHV model, each observable is represented by its possible values S m α , not by its operator. then the conditions (4.1) translate to:
where S m α ∈ {1, −1}, m ∈ {1, 2, 3}, α ∈ {x, y}. Thus, we have
On the other hand, however, in quantum theory, we have σ 1 x σ 2 x σ 3 x |Ψ = −|Ψ , which is in contradiction with Eq. (4.2). This shows that there is a conflict between quantum theory and classical theory which admits the local realism.
Another way to the GHZ problem
In the classical case, we have S m n ∈ {1, −1}, m ∈ {1, 2, 3}, n ∈ {x, y}.
So in the classical reasoning, the condition S 1 x S 2 y S 3 y = +1, has four possibilities:
Firstly, we consider the possibility (1). Using Table 1 , it just means that the hidden variable λ is located in the following set:
In the same way, the possibilities (2)-(4) yield the following sets: So the condition S 1 x S 2 y S 3 y = +1 corresponds to the union of these four sets,
Similarly, the conditions S 1 y S 2 x S 3 y = +1 and S 1 y S 2 y S 3 x = +1, separately correspond to sets
i=1 Ω i ≡ Ω respectively. Now we take intersection of the three sets Λ, Π, Ω. If we get an empty set, then our method will not solve the GHZ puzzle. If we get some nonempty set, then we have to check whether hidden variables λ corresponding to that set can satisfy
Interestingly, we get a non-empty set, which is the union of the following sets:
For these sets (or, consequently λ), we can build probability distributions supported on them(in other words, we can build a state since for traditional local hidden variable models, a state is equivalent to a probability distribution on hidden variables). However, note that for these sets, considering S 1 x , S 2 x and S 3 x , we can always get:
Compare this result with the quantum case
Thus, if we extend the real field to the quaternionic field, then even in the LHV model there can be correlations as strong as in quantum mechanics, and can puzzle out the GHZ problem.
Discussions

Imperfection
Let us go back to the question left in section 3.2. For our hidden-variable model, if we want our constructed probability distribution P ρ for a given ρ to give the same prediction about any observable as those got in the orthodox way, then it means that: For any hidden-variable λ ∈ {1, 2, ..., 8} and any dichotomic valued function f A (λ), we can find an appropriate way to decide which value this function should take for each λ, where the subscript A is an arbitrary hermitian operator on C 2 showing that this function is the one corresponding to it in our hidden-variable model.
However, it's a pity that this appropriate method have not been found.
Evolution
In the standard quantum theory, unitary operators play a vital role in the description of states' In our model, we know that the state |+ x + x | corresponds to the probability distribution P + x (λ) = 1 4 , ∀1 ≤ λ ≤ 4, and the state |− x − x | corresponds to the probability distribution P − x (λ) = 1 4 , ∀5 ≤ λ ≤ 8. Then we can describe the change from |+ x + x | to |− x − x | as follows, using our language:
The s mentioned above is an element of the group S 8 , which makes the exchange between i and i + 4 for ∀1 ≤ λ ≤ 4. This is the way the group S 8 enters into our description of evolution. Then because of the infinite ways of evolution in quantum theory, convex combinations of elements in S 8 come into being, in terms of probability distributions' normalization and the finiteness of elements in S 8 .
Conclusion
It seems that quantum theory is a complexification of the classical theory. It may be the strong mutual interaction between physical systems and the measurement apparatus that causes the information stored in the angles lost, which makes the classical theory classical.
In this paper, we investigated to what degree classical theory can behave like quantum theory, when we allow physical quantities to take complex (quaternion) values. Surprisingly enough, we found that in the case of the Bell-CHSH experiment, classical theory yields the same upper bound as the quantum theory. Moreover, by employing LHV model and by extending the real field to the quaternionic field, we can puzzle out the GHZ problem. These results motivated us to build the "crazy" hidden-variable theory of a single qubit. We believe that this "complexification" method will make useful and interesting contribution in future research. 1 2 [1/4 + r x (P + x − P − x ) + r y (P + y − P − y ) + r z (P + z − P − z )] is normalized in the sense that ∑ 8 λ=1 P ρ (λ) = 1. However, one may argue that P ′ ρ = 1 8 [1 + r x (P + x − P − x ) + r y (P + y − P − y ) + r z (P + z − P − z )] is also normalized since ∑ 
